Graphs of spheres and tori  by Ivashchenko, Alexander V.
Discrete Mathematics 128 (1994) 247-255 
North-Holland 
247 
Graphs of spheres and tori 
Alexander V. Ivashchenko 
Massachusetts Institute of Technology, Department of Mathematics, Cambridge, MA 02139, USA 
Received 18 February 1992 
Abstract 
In this paper we show how to compute the Euler characteristic of a graph if we know the 
neighborhood of any vertex of the graph. We build the graphs of the sphere and the torus, and use 
the obtained formula for the Euler characteristic for the evaluation of the number of vertices. We 
apply the obtained construction to compute the number of differing elements in tilings of the sphere 
and the torus. 
1. Introduction 
In this article we want to apply the Euler function and contractible transformations 
of graphs introduced in [3] to tilings of two-dimensional surfaces. Suppose that S is 
a surface in Euclidean space E”. Divide E” into a set of unit cubes with integer vertex 
coordinates and call the molecular space M of the surface S the family of unit cubes 
intersecting S. Then reduce the size of the cube edge and repeat his division, using the 
same structure. We obtain different molecular spaces of S. It was revealed that any 
two molecular spaces could be transformed from one to the other with four kinds of 
transformations if divisions were small enough. It is possible to assume that the 
molecular space contains topological and, perhaps, geometrical characteristics of the 
surface S. Otherwise, a molecular space M is the discrete counterpart of a continuous 
space S. Since any molecular space can be represented by its intersection graph, some 
type of topological and geometrical information must be held in this graph. In our 
previous paper [3], we defined the contractible transformations of graphs and proved 
that these transformations did not change the Euler characteristic of a graph. Since 
any point of S belongs to at least one cube of the molecular space M, the intersection 
region of S with the unit cube is a subset of S. The collection of all these subsets forms 
a tiling of S. Thus, the intersection graph of M is the nerve of this tiling. In this case we 
may study the tiling by use of the Euler function of the intersection graph. Later on we 
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will use two criteria for two-dimensional surfaces: 
(a) The Euler characteristic of the graph must be the same as the surface S. 
(b) Any vertex of the graph is two-dimensional. It means that the neighborhood of 
any vertex can be transformed to C4 by contractible transformations where C4 is the 
circle of four vertices. 
Suppose that G is the intersection graph of the tiling of S. Condition (b) works 
satisfactorily if elements of a tiling are n-gons with n > 3. 
If a tiling contains triangles as its elements, condition (b) is not satisfied for some 
elements of the tiling. However, if the nerve of this tiling can be obtained by 
contractible transformations from a graph satisfying (a) and (b), we may apply 
methods developed here to this nerve. With respect o [3], the neighborhood of the 
vertex u is called the rim of u and denoted as O(V). Sometimes we will use the name 
graph for a nerve. We will prove the formula connecting the Euler characteristic of the 
graph with the structure of the neighborhood of any vertex of the graph. We will show 
that three Platonic bodies, the cube, the dodecahedron and the icosahedron have their 
nerves satisfying both criteria. The tetrahedron and the octahedron drop from this 
consideration since they do not satisfy the criterion (a). We will show that almost all 
Archimedian bodies satisfy (a) and (b). Considering graphs of the minimal maps of the 
torus described in [l, 51, we find the ratio between the numbers of different vertices of 
the graph. 
Since we use only induced subgraphs, we shall use the word subgraph for an 
induced subgraph. 
2. Definitions and theorems 
Let G be a finite graph on (ur , v2, . . . , u,) vertices. Denote & as the number of its 
complete subgraphs ok, crk = [Q, ut, . . . o,], on k vertices. The vector 
f(G)=h,nz, . . . ,n,) 
is thef-vector of the graph G. 
In [3] we defined the Euler 
s 
characteristic of a graph G, F(G), by 
F(G)= 1 (-l)k+lnk. 
k=l 
(2) 
We define the function L(G) of a graph G by 
L(G)= -f ‘:‘t;‘““. 
k=l 
(3) 
The p-degree of ak in graph G, denoted degP(crk), is the number of complete subgraphs 
uJ’ containing ck. Let O(ai) be the rim of the vertex vi of G. Denote 
f(O(lJi))=(m’,, rni, . . . ,mt) 
as thef-vector of the graph O(Ui). 




degp(ok)= 1 np. 
0 
(4) 
Proof. Obviously, any @contains (,“) subgraphs al’. Therefore, the left-hand side of (4) 
contains the number (z) of each ap. 0 
Theorem 2.2 
c degP+l(oL+l)=k+l i=l akcOCvrj 1 2 1 degP(ak). 
&+‘EG 
Proof. Let G and ak+ ’ be a graph and its complete subgraph. Obviously, 
degPt1(ak+‘)=degP+‘([ulu2 . . . “,+l])=~(degP([l$V2 . ..vk+l]) 
+degP([ol& . ..Uk+l])+*..+degP([Vlu~...&+& 




cdegpt’(ak+1)=degp~‘([ulu2 . . . &+l])+ ..a +degPf1([Ut,uf2 . . . u,,,,]) 
=&(deg’([@z . ..Vk+1])+degP([V18. . ..Uk+l])+ ... 
+degP([vlu2 .. . &+l])+ .e. +degP([Ct10r2 . . . z.+,+,]) 








degP( [& Vi1 Viz . . + Uik]) + * . . 
FW,% ,.. ui,lco(u2) 
1 
+k+l c 
degP( [&vi, vi2 . . . Vi*]) 
[Ui,“b ui,lrO(w) 
=& 2 c degP(ok). q 
a=1 aksO(uc) 
Corollary 2.3 
1 t i -- 
nP+l-p+l i=l c mP, 
(5) 
(6) 
where rnb = 1. 
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Proof. Follows from (4) and (5). 0 
Corollary 2.4 
F(G)=tw,gl k$l G m~=t-~ L(O(Ui)). 
i=l 
(7) 
Proof. Using (2), (3) and (6) we obtain (7). 0 
3. Graphs of Platonic solids 
Suppose that we have the l-homogeneous graph G. This means that the rims of any 
two vertices are isomorphic, i.e. 
f(O(vi))=(ml, m2, . . . ,m,), i=l,2 )...) t. 
It follows from (7) that 
F(G)=t ( 1-f: oL+lmk . k=l k+l > 
For a two-dimensional sphere we have five Platonic solids. 
(1) Tetrahedron: For the tetrahedron the graph G does satisfy the criteria (a) and (b), 
F(G)= 1. 
(2) Octahedron: The graph of the octahedron does not satisfy the criteria (a) and 
(b), F(G) = 0. 
(3) Cube (Fig. 1): Let G be the graph with m, = m2 = 4, mi =0, i > 2, t = 6. From (8) we 
obtain 
F(G)=t-_t F-7 =2. ( > 
It is the octahedron (graph), which is the nerve of the cube (tiling). 
(4) Dodecahedron (Fig. 1): For the rim of any vertices of the graph we have 
ml=m2 = 5, m, = 0, i > 2, t = 12. Using (8) we obtain 
F(G)=t-_t 7-7 ~2. ( 1 
This is the icosahedron (graph), which is the nerve of the dodecahedron (tiling). 
(5) Icosahedron (Fig. 1): Let G be the graph with ml = 9, m2 = 21, m3 = 16, m4 = 3, 
mi = 0, i > 4, t = 20. It follows from (8) that 
&‘(G)=t-t ~_~+!$-~ ~2. > 
This graph is the nerve of the icosahedron (tiling), which has 20 
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Fig. 1 
Using the Euler function and conditions (a) and (b), we give one more proof of the 
problem of 13 spheres for graphs. 
Theorem 3.1. If the graph G satisjes the following properties: 
(1) G is the graph of a sphere, F(G)=2, 
(2) G is l-homogeneous, with O(v)= C,, n > 3, then the number of vertices of G is either 
6 or 12. 
Proof. For G we have ml =m2 =m and F(G) =2. It follows from (8) that 
F(G)=t 
It is clear that m<6, and we have only two choices: m=4, t = 6: This graph is the 
octahedron. m = 5, t = 12. This graph is the icosahedron. 0 
4. Archimedian solids 
Suppose that we have the 2-homogeneous graph. This means that the rim of any 
vertex is isomorphic, either O(vi) or O(vz), 
f(O(v,))=(mI, m2, . . . ,m,), fP(v,))=(E1, l2, . . . ,&). 
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03 c 3 
O(Ul) 
Fig. 2 
It follows from (7) that 
F(G)=t-t, c ___ r (-l)k+lm _-t r (-l)k+ll c _____ k=l k+l k 2k=l k+l ” 
W2) 
where t = t1 + t2 and t1 and t2 are the numbers of rims isomorphic to O(Q) and O(u,). 
The Archimedian solids are 13 convex uniform polyhedra [2, Fig. 17.21. All of them 
may be constructed by suitable truncations of the Platonic solids. The graphs of most 
of them satisfy to the conditions (a) and (b) or can be obtained by contractible 
transformations from graphs satisfying (a) and (b). Otherwise, the Euler characteristic 
of the nerve is equal to 2, and the nerve satisfies (7). For example, the polyhedra (4,6,6) 
(tiling) (Fig. 2) has the graph G for which ml =m2 =4, Ii = l2 =6, t1 = 6, t2 = 8, 
t=r1 +t2 = 14. It follows from (9) that 
F(G)=t-t, (7+)-t2(;-$)=2. 
5. Torus 
It is a theorem of Lavrenchenko [S] and R. Duke, B. Grunbaum and K. Rusnak 
(private communication in [1]) that triangulations of the torus can be generated from 
a set of 22 minimal triangulations by vertex splitting. Minimal maps of these tri- 
angulations are drawn in Cl]. The polyhedral map consists of polygons with the 
number of edges n = 4,5,6,7,8 (Fig. 3). Obviously, the graphs of all minimal maps 
satisfy the condition (b), and we suppose that the Euler characteristic of all these 
graphs is equal to zero, F(G)=O. 
(1) Choose the map consisting of quadrangles and heptagons (Fig. 3a). For its 
graph G we have ml = m2 = 4, II = lZ = 7, mi = It = 0, i > 2. It follows from (9) that 
F(G)=t--tl ( $+t2( ;-;)=O. 
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a b C d 
Fig. 3 
Replacing the m’s and l’s by their meanings, we obtain that 2t, = t2. Therefore, in this 
graph the number of vertices corresponding to the heptagons is twice as many as the 
number of vertices corresponding to the quadrangles. 
(2) Choose the map consisting of the quadrangles and octagons (Fig. 3b) 
m1 =m2=4, II =12=8, mi=Zi=O, i>2. It follows from (10) that t1 =t2. Therefore, in 
this graph the number of vertices corresponding to the octagons is equal to the 
number of vertices corresponding to the quadrangles. 
(3) Consider the map consisting of pentagons and octagons (Fig. 3c) ml = m2 = 5, 
l1 = l2 = 8, mi = Ii = 0, i > 2. We obtain from (10) that tr = 2t2. Therefore, in this graph 
the number of vertices corresponding to the pentagons is twice as many as the number 
of vertices corresponding to the octagons. 
(4) Let the map consists of quadrangles, pentagons and heptagons (Fig. 3d) 
m1 = m2 = 4, I1 = l2 = 5, k1 = k2 = 7, ki = mi = li = 0, i > 2. In this case of three different 
n-gons, formula (7) can be transformed into the form 
F(G)=t-t, (!y$)-t2(;_+3(+~)~o, 
where t = t1 + t2 + t3, and tl, t2, t3 are the numbers of vertices of the graph corres- 
ponding to the quadrangles, pentagons and heptagons of the map. In this case we 
have t3=2tI+t2. 
Formula (7) allows us to find the graphs which the given surface S may not have. 
Theorem 5.1. Let S be a closed two-dimensional surface whose Euler characteristic is 
not equal to zero. Then the S-graph may not be l-homogeneous with the rim of type Cg. 
(It means that the tiling may not consist of hexagons.) 
Proof. Since the rim of any vertex is equal to C,, then ml = m2 = m, mi = 0, i > 2. It 
follows from (8) that 
F(G)=i(6-m). 
If F(G)#O, then m#6. 0 
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Theorem 5.2. Let S be the torus T, whose Euler characteristic is equal to zero. Then the 
T-graph may not be 2-homogeneous with the rims of types C6 and C,, m # 6. (This means 
that the tiling may not consist of hexagons and m-gons where m#6.) 
Proof. It follows from (9) that 
F(G)=t-t, (~_+($+O. 
Since mI=m2=m, ll=l2=6, mi=O, li=O, i>2, we obtain that either t,=O or 
(1 -m/6) = 0. The last equation is true only for m = 6. 0 
Figure 4a represents the graph Gi and its tiling of the torus with quadrangles. This 
graph is l-homogeneous. The rim of any vertex of this graph can be transformed to 
C4 by deleting the vertices a, b, c, and d. It seems to us that 16 is the smallest number of 
vertices for a graph of a torus. 
Figure 4b shows the other l-homogeneous graph G2 of a torus which is obtained 
from Gi by contractible deleting of all left-oblique edges [4]. Since the rim of any 
vertex is Cs, the tiling of the torus for which this graph is the nerve, consists of 
hexagons. As before, the smallest number of vertices (or hexagons in tiling) is 16. It is 
shown in [4] that G2 is the minimal graph of a torus. Obviously, the number of 
vertices in G1 and G2 can be increased by adding lines and columns in the picture. 
1 2 3 4 1 
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Hence, the number of vertices N in G1 and GZ satisfies the formula 
N=(4+k)(4+p), k,p=O, 1,2, . . . 
6. Problems 
Correspondence between the Euler characteristic of the surface S and its graph 
(S-graph) is too successful to be accidental. We formulate two theorems which can 
provide the sound basis for this consideration. 
Theorem 6.1. Let S be a closed two-dimensional surface, and AI and AZ be two diflerent 
tilings of S with their nerves G1 and Gz, respectively. Then 
(1) G1 can be transformed to Gz by contractible transformations if the tilings A, and 
A2 are small enough. 
(2) The Euler characteristics of G1 and G2 are equal to the Euler characteristic of S. 
Theorem 6.2. For any graph G satisfying conditions (a) and (b) there exists the tiling of 
S for which G is the nerve. 
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